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ABSTRACT

A convergence theorem for Newton-like methods in Banach spaces is given,

which improves results of Rheinboldt (251, Dennis (21, Miel [13, 14] and Moret

[16] and includes as a special case an updated version of the Kantorovich

theorem for the Newton method given in previous papers [33-35] Error bounds

obtained in [321 are also improved. This paper unifies the study of finding

sharp error bounds for Newton-like methods under Kantorovich type assumptions. -
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SIGNIICANCE AND EXPLANATION ,

To find sharp error bounds for iterative solution of nonlinear equations

in Sanach spaces is of basic importance in numerical analysis. This paper

gives a convergence theorem for a class of Newton-like methods in Sanach

spaces, which improves the theorems of Kantorovich [7, 8], Rheinboldt (25],

Dennis [2], Miel [13, 14] and Moret [16]. The argument employed in this paper

certainly simplifies and unifies the study for finding sharp error bounds for .

Newton-like methods in Banach spaces.
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A CONVERGENCE THEOREM FOR NEWTON-LIKZ METHODS IN BANACH SPACES -,.
Tetsuro Yamamoto

1. Introduction

Let X and Y be Banach spaces and consider an operator F t 0 C X * Y which is

Fchet differentiable in an open convex set o -0 D. Many iterative methods for solving VA L

the equation

7(x) - 0 (1.1)

can be written in the form ,....

Xn+1 - xn - A(xn)'1 (xn) n 0 (1.2)

where x0 ( Do  is given and A(x) denotes a linear operator which approximates the

Fr~chet derivative F' x) of F. Under some assumptions, Rheinboldt [25] established a

convergence theorem for (1.2) which includes the Kantorovich theorem for the Newton method.--.

(A(xn) - F,(xn)) as a special case. A further generalization was given by Dennis j2, 31. %

Miel [13, 141 improved the error bounds for Rheinboldt [25. • Mort [161 obtained a ..

convergence theorem as well as error bounds for the iteration (1 2) under the stronger

conditions than those of ,heinboldt. By numerical examples, he showed that his bounds are

sharper than those of Mid. However, no proof is given. Recently, in [32), we presented a

method for finding sharp error bounds for (1.2) under Dennis' assumptions and showed that

the bounds obtained improve those of Rheinboldt, Dennis and Miel and reduce to Moret's

bounds if we replace the assumptions by his stronger ones. It was also shown that Moret's

results can be derived from Rheinboldt's.

In this paper, we first state an updated version of the Kantorovich theorem for the

Newton ethod in 12. Next, in 43, we give a simple but powerful principle for finding

error bounds for (1.2) under Kantorovich type assuomptions. Finally, as an application of

this prinriple, a convergence theorem for (1.2) Is qiven in 44, which includes the updated
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version of the Kantorovich theorem and improves the results of Rheinboldt, Dennis, KiLel and

Moret. Our approach certainly simplifies and unifies the study for finding sharp error

bounds for the Newton-lilte methods. (Also see Yamamoto 132-35].)

2. An Updated Version of the Kanotorovich Theorem

Let F, Do  and x0 be defined as in 11 and F(x0 ) # 0 without loss of generality.

Furthermore, assume that F'(x0)' exists and the following conditions are satisfied: . -.'

IF'(x )-(F'(x) - F'(y))U ( KIx-yI, xy C D0, K > 0
0 0

= IF(x0)- F(x 0 )I, h- kn <.I, t- 2n

o 0 2 1+ Vl1-2h

S - s(x,t-n) - {x C X I nx-x I < t -) C D
1ot 1 0

Under these assumptions, define the scaler sequence {tn } by ..

to - 0, tn+1 - tn - f(tn)/f'tn), n 0 ,

1" 2
with f(t) = ± Kt2 

- t + n, and the sequences {Bn) {nn  and {h} by

B0 = 1, no i, h0 " h - K"

B n -/(I h = KBn 2, h n  KB nno n >

Then, in [34, 35], we obtained the following result, which is an updated version of the

pp. Kantorovich theorem and essentially equivalent to [33, Theorem 3.1] with the optimal

parameter 4.

Theorem 2.1. With the above notation and assumptions, we have the following: - .

M Th Neton ethd x-1
(i) The Newton method Xn+1 - xn - F'(x n) F(x n ) is well defined for every n > 0,

xn c S(interior of S) for n > I and {xn} converges to a solution x C B of the

equation (1.1).

(ii) The solution x is unique in

S(x 0 ,t ) n Do (2h < 1)

{(x 0 ,t) n D 0 (2h - 1)

where t = (1 + V1-2h)/K and S(x 0,t*) denotes the interior of S(x t). t

-2- .
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The well known bounds obtained by Dennis (1], Rall-Tapia (241, Tapia (28], Ostrowski

(18, 191, Gragg-Tapia (6] and Potra-Pt~k [221 fall into the above chart (cf. Yamamoto

[31 - 35] and Potra (21]). Furthermore, it was shown in (33 - 35] that (2.1) improves the

bounds of Lancaster (11], Kornstaedt [10] and Potra (21]. it is also easy to see that the

bound of Potra 120] follows from (2.2). Therefore, Theorem 2.1 gives a unified derivation

of the known error bounds for the Newton method under the Kantorovich assumptions. .

3. A Principle for Finding Error Bounds for (1.2)

Before extending Theorem 2.1 to the iteration (1.2) we prove the following result.

Theorem 3.1. Let the equation (1.1) have a solution x* and consider the iteration .

(1.2). Let xn and xn+1  be defined for some n > 0, and a n , bn and cn be

nonnegative numbers such that an > 0, bn_ 1 and

I.* I <+ 1 _ a Ix- x 12+ b Ix anx X2 I +
n+ 1 * 2 n*Ix ~ xn 1. *Ixh polnoixI

Furthermore, put dn - n -Xl
1, n f 2py

p(t) = a t 2 - (1-b )t + C + d2n n n n

with an n => bn > bn and cn > cn has two positive zeroes a n , On such that

a n  
, then the polynomial p(t) = a - (1-bn)t + cn + dn also has two positive

n n 2nn n n

zeroes an  such that a< a < a <a If it is known for any reasons that

Sx I < a , then we have an improved error estimate Ix - xI < an= n n n

Proof. The first assertion of the theorem easily follows from the fact that

p(t) p(t) for t > 0. To prove the second assertion, we observe that p(ix Xn|) > 0
n

since
• ~1 * 2. o

Ix -x I -d < Ix x I <-aIx xI + b Ix xI + c
n n =2 n n n n n

Therefore we have

Ix -x I < a or Ix -x I > a
n - n n - n

However, if it is known for any reasons that Ix - X < on , then the latter case can be
n -n

excluded: In fact, we have .

a <a <a <a if a +b +c >a+b+c
n n = n n n n n > ."

and

-4-
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a if a +1 if + c a-

SQ.Z.D.

The usual convergence proof for (1.2) in done with the use of a majorant sequence . ,

(tn) due to Rheinboldt [25] such that Ixn 1 - x I < t - tn and tntn <. . t '%

as n Therefore, by taking t - t. for n  in Theorem 3.1, we can apply theae n

theorem to obtain sharper error bounds. The detailed argument will be given in the next

section.

4. A Convergence Theorem for (1.2)

Let F, Do and x0 be defined as in 11 and consider the Newton-like method (1.2).

According to Dennis [23 and Schmidt [26], we assume the following:

IA~IA(x0)(F'(x) - F'(y))I < KIx-yI, xy C DO , X > 0

IA(x 0 ) (A(x) - A(x 0 ))I < LIx-x0 I + 1, x e Do , L > 0, L > 0 i

*A~x 0 ) (F'(x) - A(x))I < MIx-x I + M, x e M > 0 , m > 0IA~~xo) 0F()-AxD

L+M,".- "
t + m < 1, a- max(l, -), F(x0 ) 0

K 0

t - IA(x F(x I, - aKn/l - t M) < 1/2

t (I-m MM - 2h)/(aK) 2

t -(I m + /( - 21[O)/K ,,.r

s- s(XI, t -n) C~o . ,,.

Under these assumptions, define the sequence (tn ) by
to - 0, in+ 1 - tn + f(tn)/g(tn), n > 0 ,

with f(t) a - oKt
2 

- (I - £ - m)t + n and g(t) - I - A - Lt, and the sequences {p,
2n

(qn), (Bn), {?Y) and {hn) by

..6--

° -.



-. b . 43"d - -

PO " 1 - . - ., 0 - po/q, 0 "0 n, ho - M 0  , : - . -

n-1 n-1 2

Pn " 1 - -L I nt q n - O I OK , n " pn/q2

11 UK -I +( q )ui /ph - M n I)n 2 n-I n-I n-I n-lI/Pn ' n nn

Furthermore, put

9(t) -1-I - m- (L+M)t, An -Iix - x01.

and

I .'xn+- .nI

Then we can prove the following result, which is a natural generalization of Theorem 2.1.

Theorem 4.1. With the above notation and assumptions, we have the following:

i) The iteration (1.2) is well defined for every n a 0, xn C S(interior of S) for

n Z I and (xnl converges to a solution x c S of the equation (1.1).

(ii) The solution x* is unique in ".

S(x 0 ,t) n o (if 2KTI < (1-r) 2 -

* 5- (4.1)

S(x 0 ,**r)f D O (if 2K " (l-m)
2 1

*0

(iii) Let S0  S, S - S(x,t -t)(n > 1) , 'y")I

, MX ) (F'€ ) - '(y)), i:''
sup_ (n > 0) -. '.-'

n Ix - yoKn x,yCS

IA(x ) (F'(x) - F'(y))-
L sup n (n >0)
n Ix YI-

x,yeS

x,'y

' Then we have

n- n-i- -o

n+I  n n' n

*and

- - . A'.

a' .. '- ]-6-

--1-.. 2...
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.

29(6 )dn
In - % • ( . ) pa

%I S 
(n> 0) '

*(An ) /- n) 2 - 2X
qA )dfVAt)d

V9( )22An 2n 
"q(A"d

29(hn)6n. .  - ..n(n O) (4.2)

. . .LC ( n _ (n 104 1)

-ft •I "

C(/) + 9(a" 2(A )d

n n nn n

ft t f11 Ymmto ft 21

2g(t )d,
< a ( (n > 0) (4.3)

V t n +(t n)2 2Kg(t n )d n
(Yamamoto (32])

1: an I  (n > 0) (M e 15 4. 4-)-'-

I / - 2M d

fnn

( 2 n/q n) n 0) (4.5)
I +'1 - 2MB d

fnn

2(p n/qn) n ...

(n > 01.f (4.6) -

t ft

nn

d (n >A 0) (4.7n)n < n  L

t t
n d (ni > 1) (Niel [15]) (4.8)

2( n___ /% )'I____n),_

C(nr > (4.9)

~n-1 I + 2h n-t

an

-t t (ii > 0) (Rheinbolat [25], Dennis [21) (4.10)

- ft n n>0

I +

- (iv) gtimates

I Kd2 (m+N& )d Vtn+d<d
1 1 2 n n +2_

{(A n K8 + in?4

-7-
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hold, where the last inequality may be replaced by the strict inequality ( if dn 0 0.

Proof. (i) An application of the majorant theory due to Rheinboldt [251 leads to the

estimate

Ix - xI < t -tn>0 -'
n+l n ' n+1 n -

from which (i1 follows by the standard argument and we obtain (4.10), since ftn)

monotonically converges to t*

(ii) We have

F'(x o ) - A(xo)(I + A(xol- IF'(x o ) - A(xo }.))-

and

IA(x )-1(F'(x O ) - A(xo))I < m < 1

- by assumption so that

IF'(x )-F(x ) < IF'(Xo 
1
AtlXoI)IA(lX) -F(x)I < *

IF'(x ) (F'(x) F'(y))l < IF'(x )-lk0)llA(x0-F'lx) F(y))l
0 = 0 A2 0 )II 0) (C) (y)

< - - ,x-yt , x,y £ :::::

and
2-..::: -1

2 )C M)1-n -r - - ) - -.-.-

Furthermore, let t be the least solution of the equation f(t) - Kt
2 

- (1-m)t + n - 0.

Then we have

<- < t <t.

since

f ) (t) (t>o), F( ).-( 2 > 0 -
1-r)

and
-° .

< t (the largest solution of f(t) = 0)1-rn-_

Therefore we have t - fl> t -- and= 1-rn

S txI ,  - --C (XIt* - ) D 0O

Consequently, the assumptions of Theorem 2.1 are satisfied by replacing K, q and t in

. . ,. . .

: ~~~~.-........... . ... . ...... . -- .... - - ...... ... :.....-...........

,_." *.*-. . -'- .*. .-..-.- .- .-. .- ". ... .-. -.. -.. . .-..- .. . .-. -. ., .-. . .-. "- -. . .. . . ..- - .. ... .' .'.. '. '.*. : ,._.._. -. *'..



the theorem by K/(1-m), I/(1-m) and t , respectively. Hence we obtain from Theorem 2.1

(ii) that the solution is unique in the region S defined in (4.1).

(iii) It is easy to see that x* f S C S To obtain the bounds n' Yn a 6 n'
n- n-i*n n nn V. *" _'

let * %

u, 1,2 -1
Unt) 2 Knt + q(A Cm + MAnt ,

Vn(t) - - L n t 2 + n+ Mn)t "'- 2.
2

W (t) . gC~)1 
{. Kt2 + (m + MA )t}

Yn(t) gltn)-  
{- Kt

2 
+ (m + Mtnt}N

ZnCt) = qtn)-  
[-! Ot 2 

+ {m + C I-)tnt + 7t

Then, as is easily seen, we have

Ix -x I<UnX -un) vnX -xn)) <V WnAX - x )
n+1 =n n n i n =n n

<y(Ix - n) 1 * - x I)

• ""."<- l -"xl)n n =n n

Furthermore, observe that t - tn is the least solution of the equation

Z(t) 2z n(t) - t + d - 0. In fact, we have

(I - x m - (yKt n  -agt)V
n n +

2
(I m - ft -2 2qtf(t )

- (1 - £ - mct - 2al t
n n

so that Z~t) =0 has two positive solutions and

- (I - - 2 -00

gt )Z(t t 1 - I - m -oKt )(t - tn ) + f(t n )
n n 2 n n n n

- 0 . (4.12)

This implies Z(t -t n ) - 0. Similarly we have Z(t** - tn ) = 0, where t is the

largest solution of f(t) - 0. Since we have already known by (i) that

Ix - x I < t - tn, we can apply Theorem 3.1 to obtain
n n.

-9-
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where an' On' Yn and 6,n denote the largest solutions of the equations

u-(t) - (t)- -+ an --.

Wn(t ( t) -t + (6 0

n, n n-

and "i'-,ti -

Yn(t) - Yn(t) - t + d -0

respectively. Next, by induction on n, we shall prove that t+ 1 - tn  n. There is

*nothing to prove for n -0. If n > 1 and tk+1 -tk nk is true for every k < n-I,

then we have -.

- tn1 - g(tn)-if(tn )

- g(t)-E{fltn) - flt_ - f'l(t )Vt } + {flt + g(tn. )Vtn- .
n n n- i n-1 n - -

= glt )-1[1 - c(Vt + {m + (aK-L)t 1 }Vtn

n-1 -1 1 2 n-2
9( J ) [a 0KT + IU + (GrK-L) I n~ Hn-1]

-1 1 n2
Pn 2 n- 1 n-1 -1 -

-Tin 0

where we understand that nI 0. Furthermore, we have

n~~ =PK(nn n

aK(-1 CrK(Vt 3 m+('Cr-L) t }Vt M/l - I M axt
- 2 n n-i n nt

= a0K(ftn) -fit 1 ) -f'(tn-I )Vt n+ {f'(tn + q~tn- 1 )}Vt n]/(1 - M. - n) 2

-10-
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- ftf(t - % 01-t 2

a I Mt )I 2 - 2= - L - u. t + Mv*OLa f
2~n) n~n) n n

(o - L - -a-(1 - L -Ott 2 +) - - - L - -x 2.
2 ii

2

and, by (4.12) and Z(t* - tn ) - 0,

On-ual AI ) * *ft 20U
t pn 

, ..

20K9(t )Vt
" qnn >ft V--.

q. 2 .o

aK

2(p /q )""

n n _> O. , , .I + -I -2h ,'.

U 
* - ° " .,, °

This leads to the estimates

en- 2(p./%)d n (n 0)

I + 
i-(pn/qI)dr

n __ (n: 0)
I + 11-219 6dn~

n nn
< (n >~% 0)

nf

2(p,/q%)Td~
n (n 0)

-- - .' , '. -

I + /1-2h f

- C - t -

l . .'',.''.. ..'" O o,". "" ", .. " ". . .. '..' .. '. ', 
°  

% .. ,...-.' .. .. .. .. . . ...-.. . . . -.. .,.ft+- .'.I
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S d.

( (t - t) > . > 1)
n Vt

2 (Pn/qnl n n  dn_ 1 ;
(n > 1) .

0 1 + f1-2h nn-1 
;n

2( P/%)T1n 1 -(n > 0)

n

t tn (n > 0)

< 2(Pn/qnrn (n a 0) "'.'

= q-{GOn 2 1 + 2
(p - qn_C)n (n > 0)

-1 n-1 n-

where we have used Miel's result [14] dn/Vtn+1 < dnI/Vtn (n ).

(iv) The statement (iv) is proved in [323.

Q.E.D.

It is clear that Theorem 4.1 generalizes Theorem 2.1, although the latter was used in

the proof of the former. As another result obtained from Theorem 4. 1, we have the

following corollary, too.

Corollary 4.1.1. Consider the modified Newton method

Xn+1 , n - x n > 0 , (4.13)

where we assume the following:

x0 CDO, F'(x 0 )- exists

IF'(x ) 1 (F'(x) - F'(y))l < Klx-yI, x,y e 0 ,

n IF' > 0, h Kn ..-. '

t ( C1 - /-2h)/K, t - (I + /1-,2h)/K

S( - (xI, t - n) C D 0

Then:

(i) The iteration (4.13) is well defined fo every n > 0, x e S for n > I and {xn }

converges to a solution of (I.1).

-12-
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(ii) The solution in unique in -

S(xo, t ) C) D 2h < 1)

t**) nDo(2h

(iii) Define the sequence (tn) by
1 2- - -_ *-

0o  , tn+1 W=f t + n. n > o

Put Sri s, Sn - S(X, t - tn) 1 1,

IF'Nr(Y)

Kn suP- Ix yn>O)
X,yCSn

Then we have
2d

i- KA + A(-. U 2K d
n n n"n

2d

' *n -a - " o -. ?:

< R . n > 0)

22
S + /!1.KA)

2  2K0d

n n 0n
2d

Kt + (1-Kt 2 
-2X

n n n

t n(n A 0) >'-

t - tn

n
- a- ( > -  ) ..

Vt e.O

* t

tn - tn (n> 0)

n.+ (n > 0)" '- " "

.- 2K(i-It ) Vtn n+1

Finally we remark that the approach employed in this paper is also applicable to other 
.

types of iterations.
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